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SPACES OF REGULAR ABSTRACT MARTINGALES 


V.G. TROITSKY AND F. XANTHOS 


Abstract. In mi m , the authors introduced and studied the 
space Ai r of regular martingales on a vector lattice and the space 
M r of bounded regular martingales on a Banach lattice. In this 
note, we study these two spaces from the vector lattice point of 
view. We show, in particular, that these spaces need not be vector 
lattices. However, if the underlying space is order complete then 
Ai r is a vector lattice and M r is a Banach lattice under the regular 
norm. 

1. The space of regular martingales on a vector lattice 

Let F be a vector lattice. A sequence (E n ) of positive projections on 
F such that E n E m = E nAm is said to be a filtration. We will try to 
impose as few additional assumptions on the filtration as possible. A 
sequence X = (x n ) in F is a martingale with respect to the filtration 
(E n ) if E n x m = x n whenever m > n. A sequence X = (x n ) in F 
is a supermartingale if E n x m < x n whenever m > n (note that in 
our definition we do not require that E n x n = x n ). We denote with 
XI = A 4(F, (E n ) ) the space of all martingales on F with respect to 
the filtration (E n ). The space XI equipped with the coordinate-wise 
order is an ordered vector space and we denote with _A/f + the positive 
cone of XI. There is an extensive literature on abstract martingales on 
vector and Banach lattices, see, e.g., [SI DEIEHJ Ell CEDI EE21IH1IS1 El E] • 
For unexplained terminology on ordered vector and Banach spaces we 
refer the reader to [21 El [13]. 

The space of regular martingales is defined as follows: 

Mr = Mr(F,{E n )) = {X 1 -X 2 : X h X 2 eM + }. 

Equivalently, a martingale X is regular iff ±X < Y for some positive 
martingale Y. This definition is motivated by the definition of a regular 
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operator. In this setting, it is a well known fact that the space of regular 
operators C r (F ) is itself a vector lattice when F is order complete. So 
it has been a natural conjecture that A4 r is a vector lattice whenever 
F is order complete. We will prove that this is indeed the case. This 
result improves m Theorem 2.3], which asserts that A4 r is a vector 
lattice (and is even order complete) provided that F is order complete 
and for every n the projection E n is order continuous and Range E n is 
an order complete sublattice of F. 

It has also been an open question whether AT r is always a vector 
lattice. We will present an example to the contrary. 

Theorem 1.1. Let F be an order complete vector lattice and (E n ) a 
filtration on F. Then A4 r is an order complete vector lattice. 

Proof. Let A be a subset of Ai r such that A is bounded from above 
in M r . We will show that sup A exists in A4 r . Let S be the set of all 
supermartingales Y that dominate A, that is, X < Y for all X £ A. 
By assumption, S is non-empty. For every n, put 

z n = inf {y n : Y = (y k ) G S}. 

We claim that Z = (z n ) is a martingale and Z = sup A. 

First, observe that X < Z for each X = ( x n ) G A. Indeed, for each 
n and each Y — (y n ) G S we have x n < y n , so that x n < z n . 

Next, observe that Z is a supermartingale. Let m > n, then for 
every Y G S we have z m < y m , so that E n z m < E n y m < y n . It follows 
that E n z m < z n . 

Next, we will show that Z is, in fact, a martingale. Fix k G N and 
define Y = (y n ) as follows: 

^ (E\z k ) • • • j E k —\z kl z k , z k - )-i, z k - 1 _ 2 ,...). 

We claim that Y is a supermartingale. Indeed, let n < m. 

If k < n then E n y rn E n z 7n Y z n Vm 

if rn < k then E n y m = E n E m z k = E n z k = y n \ 

if n < k < m then E ri y ITl E n z m E n E k z m Y E n z k y n ,■ 


Next, note that X < Y for each A' = (x n ) G A. Indeed, if n > k then 
Un = z n > x n . If n < k then x k < z k implies E n x k < E n z k , so that 

•Kn — Un- 

This yields that Y G 5, so that Z < Y. It follows that for every n < k 
we have z n < y n = E n z k , so that z n < E n z k . Therefore, z n = E n z k 
for all n and k with n < k. Also note that E n z n = E n E n z n+ \ = 
E n z n+ 1 = z n for every n. Thus, Z is a martingale and X < Z for 
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each X e A. Clearly, every martingale Y dominating A is in S and, 
therefore, Z < Y. Hence, Z = sup A. 

Let X G A4 r . Applying the previous argument with A = {±X}, we 
conclude that |X| exists. It follows that A4 r is a vector lattice. By the 
preceding computation, it is order complete. □ 

Example 1.2. M. r need not be a vector lattice. Let F = c. For each 
n, define E n : F ^ F as follows: if x = (cq) we put 


E n X (or, • • • , U3 n , 


«3n + l+«3n+2 Q?3n + 1 +Q?3n + 2 


&3n+3, 


Q3n,+4 + Q3n,+5 Q3n+4+Q3n + 5 


> ^3n+6) • ■ ■ ) • 


It is easy to see that (E n ) is a filtration on c and each E n is order 
continuous. It is a dense filtration in the sense that IJ,^ Range E n is 
dense in F. Define (x n ) as follows: 


rr„, = (l,-1,0,1,-1,0,...,1,-1,0,0,0,...). 

V -v-' 

3 n 

Note that X = (x n ) is a martingale with respect to (E n ); it is regular 
because ±x n < 1 for every n, where 1 is the constant one sequence. 
We will write x H)l for the i-th coordinate of x n . We claim that X has 
no modulus in Xi r . Indeed, suppose that ±X < Y for some martingale 
Y, Y = (■ y n ). For each n we have y n > ±x n , so that 


y n >(l, 1,0,1,1,0,. ..,1,1,0,0,0,...)=u n . 


3 n 


It follows that 

Vi E\y n ^ E\U n u n . 

Since n is arbitrary, it follows that yi^k+i > 1 and y\^k +2 > 1 for every 
k. Since y\ is an element of c, there is ko such that yi t 3 k 0 > 0. Define a 
martingale Z = (z n ) as follows: for every n and i, put z n , t = y n , t except 
when i = 3 k 0 , in this case put z n:3 k 0 = 0 (for every n). It is easy to see 
that Z is a martingale and ±X < Z < Y. It follows that X has no 
modulus. 


2. Krickeberg’s formula 

Once again using the analogy with regular operators, we recall that 
if F is an order complete vector lattice then C r {F ) is a vector lattice 
and the lattice operations on C r {F) are given by the Riesz-Kantorovich 
formula. There is a similar formula for lattice operations on A4 r . Let 
X = ( x n ) be a martingale. It has been observed in the literature that 
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that the modulus |X| of a regular martingale X = (x n ) often satishes 
the following identity: 

|-^|n Slip E n | | . 

m>n 

For classical martingales, this identity goes back to Krickeberg’s de¬ 
composition (see i.e., da p. 32]); in the following we will refer to it 
as Krickeberg’s formula. If the Krickeberg’s formula is valid for 
F, that is, if the modulus of every martingale in A4 r (F. (_E n )) is given 
by the Krickeberg’s formula, then, clearly, A4 r is a vector lattice and 
the other lattice operations are given by similar formulae; see, e.g., [ 151 
Theorem 7]. 

In the following proposition, we summarize several cases where A4 r 
is a vector lattice and the lattice operations are given by Krickeberg’s 
formula; it extends [ TUI Theorem 2.3], [H>J Proposition 11], and [SJ 
Proposition 4], 

Proposition 2.1. Let F be a vector lattice and ( E n ) a filtration on F. 
Suppose that any of the following hold. 

(1) F is order complete and each E n is order continuous; 

(2) F is Archimedean and E n is of finite rank for each n; 

(3) E n is a lattice homomorphism for each n. 

Then Xi r is a vector lattice and the lattice operations are given by the 
Krickeberg’s formula. 

Proof. Let X = (x n ) be a martingale such that ±A” < Y for some 
positive martingale Y = (■ y n ). For a fixed n, the sequence {E n \x m \)°^ 
is increasing in m, bounded below by \x n \ and above by y n . Indeed, if 
n ft m then 

-®n|‘£m| E n | | ft E n E m \x m+ i\ E n | X m _j_ x |, 

l^nl | E n x n | ft F/ n |x n |, and -Fril^ml ft E n y m y n . 

(PCD Since F is order complete, sup E n \x m \ exists for every n. Denote 

m>n 

it z n and put Z = (z n ). Clearly, ±X ft Z < Y. Note that Z is a 
martingale: for every k ft n, since Ek is order continuous, we have 

E k z n = E k ( sup E n \x m \) = sup E k E n \x m \ = sup E k \x m \ = z k . 

m>n m>n m>n 

It follows that Z = \X\. Note that Z is given by the Krickeberg’s 
formula. 

(|2]) Let Fl n = Range E n and Etfi = F + n H n . Since H n is hnite- 
dimensional, we may view it as an ordered Banach space. Note that 
(E n \x m \) _ and y n are in Hf. Since F is Archimedean and Et n 


SPACES OF REGULAR ABSTRACT MARTINGALES 


5 


is finite-dimensional, is closed (in H n ) by (3[ Corollary 3.4] and 
normal by [31 Lemma 3.1]. It follows from [31 Theorem 2.45] that 
hrn, m E n | x m | = z n in H n . Since H+ is closed, it follows from \x n \ < 
E n || A Vn that \x n \ ^ Z n Y Vw 

Repeating this process for every n, we produce a sequence Z = (z n ) 
in F + . To show that Z is a martingale, let k < n. Since E' k is a 
continuous operator on H n , we have 

E k z n = E k ( lirn E n \x m \) = lim E fe E n |a; m | = lim E k \x m \ = z k , 

ra—>-oo ra—>-oo m—>-oo 

where the limit is taken in H n . It follows from ±X < Z < Y that 

Z = |X|. 

To verify Krickeberg’s formula, it suffices to show that = sup m E n \ x m 
It follows from [31 Lemma 2.3(4)] that z n = sup m E n | x m | in H n . Let 
a G F such that E n \x m \ < a for all m > n. Let G be the subspace 
of F spanned by H n and a. Again, we may view it as an ordered 
Banach space with closed positive cone G + = F + fl G; H n is a closed 
subspace of G. Hence, we still have liin m E n \x m \ = z n in G. Applying 
[31 Lemma 2.3(4)] to G, we conclude that z n = sup m E n \x m \ in G, and, 
therefore, z n < a. 

([3]) It is easy to see that the sequence (|x n |) is a martingale and is 
the modulus of X. Also, for every fixed n and every m > n we have 
E n | x m | = | E n x m \ = |x n |, so that Krickeberg’s formula s valid. 

□ 

It is an open problem whether the modulus of an operator is always 
given by the Riesz-Kantorovich formula, see [3, p. 59] for details. Sim¬ 
ilarly, it has been a natural conjecture that Krieckeberg’s formula is 
always valid whenever A4 r is a vector lattice. However, we will present 
a counterexample to the contrary. Our example will be based on [8] 
Example 6], which we outline here for convenience of the reader. 

Example 2.2. ([8]) Let F — R N . For n = 0,1,2,..., define E n via 

n // ( &2n+l + &2n+2 CL 2n+l + &2n+2 

E n {(Cli)) (Ol, 0,2, ■ ■ ■ , 0,2m 2 ’ 2 ’ 

Cl2n+3 + ®2n+4 0-2n+3 + d2n+4 \ 

2 ’ 2 ’ 

Let X = (x n )™ =0 where 

x n = (-1,1,...,-1,1, 0,0,...) 

2 n 

(we take xq — 0). It is easy to see that ( E n ) is a hltration on F and X 
is a martingale with respect to ( E n ). 
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Example 2.3. A4 r is a vector lattice, yet Krickeberg’s formula fails. 
Let F = ioo] let (E n ) and X = (x n ) be as in Example 12.21 n — 0,1,.... 
Let ip: F —> R be a Banach limit. Put P — if ® 1. It is easy to see that 
P is a rank-one projection and that E n P = P for every n. It follows 
that the sequence (PE 0 , E 0 , Ei, E 2 ,...) is a filtration on F and the 
sequence X = (x 0 , x 0 , Xi, x 2 , ■ ■ ■) is a martingale with respect to this 
filtration. Note that A4 r is a vector lattice by Theorem 11.11 

We claim that |X| = (l, 1,1,1,...). Indeed, it is easy to see that 
the sequence (l, 1,1,1,...) is a martingale which dominates ±X. Now 
suppose ±X < Y for some martingale Y. Put Y — (z,y 0 ,yi,...). For 
every n > 0 and m > n we have y m > \x m \, so that y n = E n y m > 
E n \x m \. Note that 

E n | x m | | x m | (l^^^^^l^l, 0,0,...). 

2m 

This yields y n > 1 for every n > 0. It follows from y 0 > 1 that 
z = PE 0 y 0 > 1. Hence, Y > (l, 1, 1, 1,...). Therefore, |X| = 
(!, !,!,!, ■■■)■ 

However, Krickeberg’s formula for the initial term gives sup m PE 0 \x m \ 
0 instead of 1. 

3. The space of regular bounded martingales on 
a Banach lattice 

We say that (E n ) is uniformly bounded if supJI-EkH < +oo; we 
say that ( E n ) is contractive if ||E n || < 1 for every n. A martingale 
X = (x n ) in M{F,(E n )) is said to be bounded if its martingale 
norm defined by ||X|| = sup n ||x n || is finite. We denote by M = 
M(F, ( E n )) the space of all bounded martingales on F with respect 
to the filtration ( E n ). It is easy to see that M is a closed subspace of 
•^oo(A); hence M is a Banach space. It can be easily verified that the 
martingale norm is monotone , i.e., 0 < X < Y implies ||X|| < ||K||. 
The space of regular bounded martingales is the following subspace of 
M: 

M r = M r (F,(E n )) = {X 1 -X 2 : X 1 ,X 2 eM+}. 

Again, one may expect similarities with the well-known theory of reg¬ 
ular operators; see, e.g., (HU H3J. It is well known that every regular 
operator on a Banach lattice is bounded and the space of regular oper¬ 
ators on an order complete Banach lattice is a Banach lattice under the 
regular norm. We will prove that if F is order complete then M r is a 
Banach lattice under the regular norm. We will show that, in contrast 
to the setting of regular operators, in general M r A4 r . Furthermore, 
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F is a KB-space iff F is order continuous and every bounded martingale 
with respect to every uniformly bounded filtration is regular. 


Example 3.1. Positive unbounded martingale on i\. For any 0 < a < 
1, define P a = ° 5 - It is easy to see that P a is a positive projection 

onto e 2 , and P a is a contraction when viewed as an operator on £\. 
Define a filtration on t\ as follows. 


E x 


o 

o 


'1 0 

1 1 


0 1 

0 0 


0 0 

1 1 

, E-2 — 

1 1 

0 0 


0 0 

1 1 


1 1 





E 3 


'1 0 
0 1 


1 0 
0 1 


0 0 
1 1 


etc. 


It is easy to see that this is a filtration ||.E n || = 1. Further, define 


X\ = 

= (0,1, 

0,|, 

0, 

1 

4’ 

0, 

1 

8’ • 


x 2 = 

II 

O 

o,|, 

0, 

1 

4’ 

0, 

1 

8’ • 


x 3 = 

ii 

o 

1,0, 

0, 

1 

4’ 

0, 

1 

8’ • 


x 4 = 

II 

o 

1,0, 

1, 

0, 

0, 

1 

8’ ' 


etc. 









It can be easily verified that ( x n ) is a positive martingale with respect to 
the filtration ( E n ), but ||x n || > n — 1, so this martingale is unbounded. 

On M r , we define the following so called regular norm : 

pr|| r = inf{||y|| : YeM + , Y >±x}. 

We claim that the space (M r , ||-|| r ) is a Banach space. We will prove 
a more general result for ordered Banach spaces. In particular this 
result is known to be true for the space of regular operators and the 
space generated by positive compact operators m , Proposition 2.2). 
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Theorem 3.2. Suppose that (X, ||-||) is an ordered normed space with 
a closed cone X + and a monotone norm. Then the following formula 
defines a norm on X r = X + — X + : 

IMIr = inf{||2/|| : y E X + , y>±x}. 

For every z G X r , we have ||^|| < 2||z|| r . Moreover, if X is complete 
then (X, ||-|| r ) is complete and if, in addition, X = X r then ||-|| and 
||-|| r are equivalent. If X r is a vector lattice then ||x|| r = |||x||| for all 
x E X r . 


Proof. It is easy to see that ||-|| r is positively homogeneous. To verify 
the triangle inequality, let u,v G X r , take any e > 0, and find x, y G 
X + such that — x < u < x and — y < v < y, ||a;|| < ||u|| r + e, and 
||y|| < ||u|| r + e. It follows that —{x + y) < u + v < x + y, so that 

\\u + u|| r < ||a; + y || < ||x|| + ||y|| < ||u|| r + ||u|| r + 2e. 


This yields ||u + u|| r < ||u|| r + ||u|| r . 

Fix z G X r . Let x G X + be such that — x < z < x. Then 0 < x±z < 
2x. It follows that 

INI = W\( x + z )-\( x - z )\\ < §||£+2||+|||:e— z|| < §||2a;||+i||2x|| = 2 ll x 

Taking the inhmum over all such x, we get ||xj|| < 2||z|| r . In particular, 
if H^llr = 0 then ||z|| = 0 and, therefore, z — 0. 

Now suppose that (X, ||-||) is complete and show that (X r , ||-|| r ) is 
complete. Let (z n ) be a ||-|| r -Cauchy sequence in X r . Note that since 
INI < 2[Ml r , the sequence is also Cauchy in the original norm, hence 

z n z for some z G X. It suffices to show that z G X r and some 
subsequence of (z n ) converges to z in ||-|| r because, in this case, the 
entire sequence would still converge to z in ||-|| r . 

Without loss of generality, passing to a subsequence, we may assume 
that for every n and every k > n we have \\z n — Zk\\ r < For 
each n, z n+1 — z n G X r , so we can find x n G X + such that — x n < 

z n+ 1 — z n < x n and ||x n || < T-. Fix m. It follows from z n z that 
z — z m = Y^=m( z n +1 — z n)» where the series converges in ||-||. Note 
that 

k k 

^ ' (, z n+ 1 z n) — ^ ' %n 
n—m n—m 

for every k > m and Y^= m x n converges in ||-||. Since X + is closed, 
z — z m < Y^=m x n- Similarly, (z Zpn) ^ ^ follows t licit 


00 



00 

— y "j 11 x n 11 < 2™- 1 ^ 

n=m 
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If, moreover, X = X r , we have that ||-|| and ||-|| r are two complete 
norms on the same space with one of them dominating the other; it 
follows that the norms are equivalent. 

Suppose that X r is a vector lattice and x G X r . It follows from 
|x| > ±x that |||x||| > ||x|| r . On the other hand, if ±x < y for some 
y G X + then \x\ < y and the monotonicity of norm yields |||x||| < ||y||, 
hence || |x| || < ||x|| r . □ 

Corollary 3.3. Let F be a Banach lattice and ( E n ) a filtration on F. 
The space (M r ,||-|| r ) is a Banach space and ||Y|| < ||Y|| r for every 
X G M r . If M r is a vector lattice then ||Y|| r = |||Y||| for all X G M r . 

Proof. Applying Theorem 13.21 to M, we conclude that (M r , ||-|| r ) is a 
Banach space and that if M r is a vector lattice then ||Y|| r = |||Y||| for 
all X G M r . For Y G M + such that ±X < Y, by the definition of the 
martingale norm we have ||Y|| < ||K||. It follows that || YT|| < IIA'H,. □ 

The regular norm may coincide with the martingale norm on M r . We 
recall here that a Banach lattice F is said to have the Fatou property 
if 0 < x a f x implies ||x a || —> ||x||. Dual and order continuous Banach 
lattices enjoy the Fatou property; see, e.g., [L3, p. 96] or (Tj p. 65]. 

Proposition 3.4. Let F be a Banach lattice with the Fatou property 
and (E n ) a contractive filtration on F. If M r is a vector lattice and 
Krickeberg’s formula is valid on M r then ||Y|| = ||Y|| r for every X G 
M r . 

Proof. Let X = (, x n ) G M r and Z = (z n ) = |Y|. By Corollary 13.31 
||Y|| r = ||Z|| > ||Y||. We need to show that ||Y|| > ||Z||. By Kricke¬ 
berg’s formula, for each n G N we have E n \x m \ t z n (in rn). The Fatou 
property yields ||z n || = siip m ||F , n |x rn ||| < sup. m ||a: m || = ||Y||, hence 

IUII<I|A||. ' □ 

The following is the main result of our paper. Note that in view of 
Proposition 13.41 this result extends Theorem 13 in [15] . Recall that if 
F is order complete then A4 r is a vector lattice by Theorem 11.11 

Theorem 3.5. Let F be an order complete Banach lattice and (E n ) a 
filtration on F. Then the space M r is an ideal of A4 r and a Banach 
lattice under the regular norm. 

Proof. Note first that if X G M r and Y G M. r such that 0 < Y < X 
then Y G M r . Let X G M r . Then there exists Y G M r such that 
Y > ±X. By Theorem 11.11 |Y| exists in M. r . Clearly, |Y| < Y and, 
therefore, |Y| G M r . Hence, M r is a vector lattice and an ideal of A4 r . 
By Corollary 13.31 (M r , ||-|| r ) is a Banach lattice. □ 
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Example 3.6. M r need not be a Banach lattice under the martingale 
norm. Let F = 1^, equipped with following equivalent norm: 

|| (A) || = HML + limsupkl 

It can be easily verified that (F, ||-||) is a Banach lattice. Let (E n ) 
and X = ( x n ) be as in Example 12.21 Note that each E n is order 
continuous. Clearly, M = M r . By Theorem 13.51 M r is a Banach lattice 
under ||-|| r and an ideal in A4 r . For each n, we have 


E n \x 


m 



2m 


By Proposition 12.llTTT) . lattice operations are given by Krickeberg’s 
formula. It follows that the modulus of X is the constant martin¬ 
gale \X\ n = 1. We have |||A||| = 2 and 11 x n \\ = 1 for each n, thus 
1 = ||A|| < |||A"|||, so that M r fails to be a Banach lattice under the 
martingale norm. 


Finally, we study under which conditions we have M = M r . Recall 
that a vector lattice F has a strong unit e whenever F = Un=i[~ n Fne\ 
A Banach lattice F has an order continuous norm whenever x a | 0 
implies x a —> 0; F is a KB-space if it does not contain a sublattice 
isomorphic to Cq. 


Proposition 3.7. Let F be a Banach lattice with a strong unit e and 
(E n ) a uniformly bounded filtration on F. Then M = M r . If, in 
addition, F is order complete then M is a vector lattice with a strong 
unit. 


Proof. It is known that the original norm of F is equivalent to the norm 
ll-lloo generated by e; see, e.g., [2J p. 194], In particular, there exists 
C > 0 such that \x\ < C||x||e for every x G F. 

For each n, put y n = E n e. Clearly, Y = (y n ) is a bounded positive 
martingale. Let X e M. Then for every n we have ±x n < C||x n ||e < 
C||A||e. Applying E n , we get ±x n < C'||A’||y n . It follows that ±X < 
C\\X\\Y, so that X is regular. Hence, M = M r . If, in addition, F is 
order complete then M is a vector lattice by Theorem 13.51 It follows 
from ±X < C\\X\\Y that Y is a strong unit in M. □ 

Theorem 3.8. Let F be a Banach lattice with an order continuous 
norm. Then the following are equivalent. 

(1) F is a KB-space; 

(2) M = M r for every uniformly bounded filtration (E n ) on F; 

(3) M is a vector lattice for any uniformly bounded filtration (E n ) 
on F. 
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Proof. trivially. (]2J)=>(l3l) by Theorem 13.51 

The proof is similar to that of [T5], Theorem 7]. Let X = 
(x n ) G M. Fix some n G N. The sequence (E n \x m |) °°_ is in¬ 
creasing and norm bounded. Since F is a KB-space, it follows that 
z n = lini m E n \x m \ exists; then Z is a martingale and Z = \X\. 

Suppose that F is not a KB-space. Then c 0 is lattice embed¬ 
dable in F. Without lose of generality, we can assume that c 0 is a closed 
sublattice of F. Let ( E n ) and X = (x n ) be as in Example 12.21 view 
( E n ) as a (uniformly bounded) filtration on Co and X as a martingale 
in c 0 . 

By [13, Corollary 2.4.3], there exist a positive projection P : F —>■ co¬ 
lt is easy to see that ( PE n ) is again a uniformly bounded filtration on 
F and X is a bounded martingale with respect to it. We claim that 
X is not regular. Indeed, suppose that ±X < Z for some positive 
martingale Z = ( z n ) in F. Then ±x n < z n for every n yields \x n \ < z n , 
so that E 0 \x n \ = PEq\ x n \ < PE 0 z n = z 0 . It follows that the increasing 
sequence (E 0 |x n |) is bounded above in F, hence it converges in F 
because F is order continuous. Therefore, (Eol^nl) converges in c 0 , 
which is clearly false. □ 
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